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PROBLEM OVERVIEW

1. Whatis LDA?

2. How is LDA trained to effectively discover the
hidden topics from the observed texts?

* Gibbs Sampling

* Variational E-M Algorithm
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THE TOOLS
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BAYES' THEOREM

Let 6 be model’s parameter and X be the observed data, the posterior probability distribution of 6 given
the observed data X is defined as follow:

PO X) = joint probability distribution

evidence

(likelihood)(prior)
evidence
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BAYES' THEOREM

General Conditional Probability Rules:

P(X,Y) = P(X|Y)P(Y) = P(Y|X)P(X)
P(X,Y,Z) = P(X|Y,Z)P(Y|Z)P(Z)

N
P(Xy,...Xn) = || P(Xi|X1, ..., Xi 1)

=1

Topic modeling & LDA The Tools



KULLBACK LEIBLER (KL) DIVERGENCE

KL[N(0,1) || N(1,1)] = 0.5 KL[N(0,100) || N(1,100)] = 0.005

0.040-

0.035-

N(1,10%)  N(O,10%)
5 0 s X
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KULLBACK LEIBLER (KL) DIVERGENCE

KLl llp) = [ ata)log z%d

1. KL(q || p) #KL(p | q)
2. KL(q || q) =0

3. KL(q || p) >0
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VARIATIONAL INFERENCE

A\
Example:

p(Z1, Z2) ~ q(Z1)q(Z2)

p(Z1,Z2) ~ N(0,%)

(Z0a(z2) ~ N0 (T )

09
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VARIATIONAL INFERENCE

Use to approximate the full posterior distribution

1. Select a famlily of distributions Q: Q = {q¢|¢(Z) = Hle qi(Z;)}; ie:

Q ~ N(u,

2. Next we will try to approximate the full posterior p(Z) with some variational distribution ¢(Z):

KL(Z) || p(Z)] = mingeq
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VARIATIONAL INFERENCE

Then apply coordinate descend until convergence:

KL[q(Z) || p(Z)] = ming,

KL[q(Z) || p(Z)] = ming,

KL[q(Z2) || p(Z)] = ming,
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JENSEN’S INEQUALITY

If f(x) is concave (i.e. f(ax + (1 — a)y) > af(x) + (1 — a)f(y)), then for any random variable X with
corresponding probability density function (pdf) f(X):

F(E[X]) = E[f(X)]

A

f(v)

f(v2) pas—
flavy + (1 — a)ve)

IO BN QIO W——— A
f(v1)
>
vy avy + (1 —a)vg V9
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E-M ALGORITHM

Use to solve parameter estimation problems, especially when some data is missing or
not observable (latent variables)

X ={r1,..,zn}
Z|X ~ g, 0 €6

pp belongs to the exponential family (i.e. Gaussian, Beta, Dirichlet, Exponential, Gamma, etc.), which
is the primary assumption for EM algo to work well (idk why this is so).

Main objective: gy, € argmazg pg(X)
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E-M ALGORTHIM

Ground truth:

| |
w ~N - (=} — ~N

Ky, Wy, (512’ (522 = [-1,1,08,05] =

* n=[n, m,]=1[0.4,0.6]

| |
w N — o — ~N

EM Init:
* [y,fiz,01,07 =[-1.5,1.5,1,1]
* n=[n, m,]=1[0.5,0.5] ;

* Plot every 10 iterations
e Converge at the 60t iteration

| | |
w N o (=] od N

| | |
w N - o — [N
| " N N N N
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E-M ALGORTHIM

While not converge:

. . 'U@ A
* E-Step: find Q, using current 0,
* M-step: find 6;,; by max Q;

Formally:

e the loop: for i in range(0,I)

e init #p € ©
.« E-step: Q(0.0,) = Ep,log ps(X. Z|X)

e M-step: 91'_|_1 < ﬂrgmaIﬂQ(gz 91)
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E-M ALGORTHIM

Pros:

 Works well even when the derivative of the likelihood function wrt to 0
is hard to compute

Cons:
« Not guarantee to reach global maximum
« Computational expensive so convergence rate is slow

* Works well only when pgy belong to exponential family
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DIRICHLET DISTRIBUTION

Dirichlet distribution belongs to the Exponential families

Gamma Distribution PDF With Scale = 1

PDF of Beta (Bell-shape)
2
(2,8) i 7 —
syt __ shape = 0.75
2.0 1
_shape =1
3 1.5 4
2 — shape =3
- 15 -
[} S =
o 'C m— =
Z = ® 1
e— - 0
B Z1.0 <
-g 1 o
T /_\
g N 0.5
0 / f \\
0.0 - 0 T .
X -1.0 -0.5 0.0 0 1.0 0 1 2 3 4 5 6 7
X Random Variabl
The Tools
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STATISTICS & GEOMETRY

PDF: 0 ~ Dir(0 | «)
p(0]a) = o [ 60
C(ﬂ:) t=1 t
Where:

® QtzoandZTHt:].

e Model param a; > 0

Statistics:
e Let ag =) ;a; where t € {1,2,...
e B[] = 2

Q)

o Cov(b:,0;) = “t“aﬂéi;i];f;tﬂj

Alpha =(0.1,0.1,0.1)  Alpha =(10,10,10)
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STATISTICS & GEOMETRY

BBBBBBBBB

T

2 T

3 T

4

T =N --> N-dim simplex
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LATENT DIRICHLET ALLOCATION (LDA)
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DIR & TOPIC MODELING

Sports
(0,0,1)

= (0.05,0.05,0.9)

Document: a probability
distribution over the topics (0)

9, =(0.5,0.1,0.3)

High o.: more topic for each
document (more sparse)

0.;,0
’\\'1/0

(A 6,=(0.8,0.15,0.05) m

0,=(0.1,0.8,0.1)

Economics
(0,1,0)

Games
(1,0,0) T

3
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DIR & TOPIC MODELING

Soccer

Topic: a probability
distribution over the words

Dota 2 GDP

Quaternion

Games = 0.5(Dota2) + 0.4(Soccer) + 0.1(GDP) + 0.1(Quaternion)
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GENERATIVE PROCESS

[Dist over topics] [Dist over words] [Generate Words]
211 > Wy
Z12 > Wy
Wl: Ol - Z > W 3 —
(0.2,0.2,0.6) — = : _ W,
L1y Wiy
15 Wis
Z4n € {1,2,3} wy, € {1,2,..,5}
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BLUEPRINT

D

p(ea Z | Wa x, (I)) X p(ga Za \Y% | «, (I) H p(9d|ﬂf) H Hp(zdn ‘ed)p(wdn|zdnj thw)

n=1t=1

For each d in D:
* Generate topic probability distribution of 6, using p(6, | @)

* For each word in document d, assign a topic z,, by sampling according to p(z,,,/ 6,)

* For each assigned topic z,,, sample a word w,, according to p(w,,[ z,,; &,,)
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BLUEPRINT

p(0,Z|W;a,®) o p(60,Z, W |, ®) = Hp(em) H Hp (2dn|04)D(Wan | Zdn; Pruw)

n=1t=1

W: collection of documents, each of which has N; words

Z: latent variable which represents the distribution of topics over the words

@ : latent variable which represents the distribution over the topics for each document

@ : model parameters which represents the distribution over the words for each selected
topic - i.e a word probability matrix for each topic (row) and each word (column)
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BLUEPRINT

p(0,Z|W;a,®) o p(6,Z, W | o, @) H p(Balc) H Hp(zdn|9d>p(wdn|zdm Brw)

n=1t=1

0,4: the probability distribution over topics for document d
Wyn: the nth word in document d; wy,, € {1, ..., Ng}

Zgn: topic of the nth word in document d; z4, € {1,...,T}

p(0q) ~ Dir(0q|a) = Ht e
P(2dn|0a) = Oz,

p(wdnlzdn) - (I)zdnwdn:

Where: ¢4, > 0 and D ¢y = 1
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LOG JOINT LIKELIHOOD FUNCTION

D Ny
p(W, 91 Z ‘ Q, (I)) - H P(9d|0~’) H p(zdn|9d)p(wdn|zdn§ qﬁ)
d=1 n=1

D Ny T
p(W,0,Z|a,®) = H H9 }1_[{1_[[2(1ﬂ = t|0440tw,, }  (Substitution)
d=1 t=1

n=1 t=1

D T Ng T

= log(p(W,0,Z |, ®)) = Z[Z(at —1)log(04:) + Z Z[zdn = t|(logOg; + logdyy, )| + const  (Take log both side)
d=1 t=1 n=1 t=I
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OPTIMIZATION & INFERENCE
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MAXIMIZE LIKELIHOOD FUNCTION

= log(p(W | o, @)) = Ey6)q(z)l0g]

log(p(w I «, ©)) = logZp(w, Z,0 | &, (I))

z.0

oo 2(2)a(0) ,
=109 2 yZyat)" 701 D)

p(W, Z,0 | P)
q(Z)q(0)

—log > q(Z)q(0)
Z.0

= o p(W’Z’QIQq))
= log Ey(z)q(0)| a(Z)q(0) |

> L(q,a,P) (Jensen’s inequality)

p(W,Z,0 | a, ®)
q(Z)q(0)

]

= Eq0)q(z)lo9|

p(W, Z,0 | a, P)
q9(Z)q(0)

|+ C

(Marginalize over latent variables)

(multiply by 1)
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MAXIMIZE LIKELIHOOD FUNCTION

There is a very neat proof for the following:

p(W,Z,0|a,®)
q(Z)q(0)

C =log(p(W|a,®)) — Eq(gjq(z}fﬂg[

]

= KL(q(0)q(Z) || p(0, ZIW))

Hence , we now have:

[-p(W,Z, 0| a,®)

«(Z)q(0) |+ KL(q(6)q(Z) || p(6, Z|W))

log(p(W | o, @)) = Eq(6)q(z)l0g

= L(q, 0, ®) + KL(q(0)q(Z) || p(0, Z|W))
Where:

e ¢(Z) and ¢(#) are some known lower bound distributions over the latent variables, i.e. variational
Gaussian distribution
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MAXIMIZE LIKELIHOOD FUNCTION

KL(q||p)

L(q,0) In p(X[6)

S, EEEEEEE——R EmmSS————=—
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E-STEP

KL(q|lp) =0 " — "

E-Step: 60 and Z

Objective: KL(q(Z)q(0 0,Z|W)) — min
j (2(Z)q(6) [|p(6, ZIW)) > min_ g R
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M-STEP

Objective: Eg(g)q(z)log(p(W, Z,0))] — m&.\f such that:
q

o since ¢y, is a probability: ¢4, > 0,Vt,w. This is already been satisfied because it is under the log
function as we see above.

o The probability distribution should sum up to 1 over vocal size V: Z,E:l Oty = 1,V

KL(qlm_I Y _'_ _[ B

v A 4
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E-STEP: FIND q(0)

Consider the joint log likelihood function:

b T Ng T
logp(W,0,Z | v, D) = Z[Z(at — 1)log(0a4¢) + Z Z[zdn = t|(logbaqs + logdiw,, )] + const (1)

d=1 t=1 n=1 t=1

Note that, w.r.t ¢(0), S.N¢ S°7  [2an = t]logpiw,, in (1) is a constant so we can ignore it the below
derivation of log[q(0)].

log[q(0)] = Eqz)log [p(Z,60, W)] + Cy

D T Ng T
= Eq(2) Z[Z(at — 1)log(Bar) + Z Z[zdn = tllogbat] + C1

d=1 t=1 n=11t=1
D 4 A Ng T
= Z Z (ay — 1)log(04:) + Z ZEQ(zdn){[zdn = t|}Hogba] + C1
d=1 t=1 o 0 i |

Let Ydn — IEq(zdm){[zd’n — t]} == Q(Zdn - t) — fYCth

Ng

;A
Z[(Oét — LYt Z Yan] logBa: + C1

Mu

IS8
Il
[y
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E-STEP: FIND q(0)

Now take the exp both side to get ¢(0):

= re e ~1)4+Y 2 yan]
q(0) o< [T T 0a -

d=1t=1

D T e
(et qan)-1]
— H{H Hdt Zn- d }

d=1 =1
D Ny
= ¢(0) = [ a(6a), where q(0a) ~ Dir(faloe + Y van)  (2)
d=1 n=1

Note that the update rules for ¢(#) depends on 74, which depends on z4,. So to compete the E-step we will
also need to find updating rule for ¢(Z)
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E-STEP: FIND q(Z)

Similarly, W.r.t ¢(Z) Zt_ (a = 1)log(f) in (1) is a constant so we can ignore it the below derivation.

loglq(2)] = Eq(g)log [p(Z,0, W)] + C;

D Ng T

=E, ) y: y: y:[zdn = t|(logf4 + logdry,, ) + Co  (Substitution from (1))

d=1n=1t=1

=
=
=

~

I
]

—

Y [2an = t](Eqy9)[loghas] + logpw,, )} + Ca; (240 sums up to 1 over T and {*} is dist over zg,)
t=

=
Il
— A
I
— &
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E-STEP: FIND q(Z)

Take exp both sides we have the product over independent distribution as following:

D Ny

a(z) o [T I] a(zan)

Where:
Q(zdn = t) X ECEP{EQ(Q) [Zogedt] + loggbt*wdn}

('btwdn egjp(Eq(th) [loggdt])
sum over all possible values of t

_ T
D=1 Cbt’mdn ELEP(EQ(@&: ) [Log04,])

= Van>  (since Yan = Eq(zg){lzan =1]})  (3)
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M-STEP

Consider the joint log likelihood function:

D T
logp(W,0,Z | o, D) Z Z(at — 1)log(04:) + Z Z[zdn = t|(logB4; + logpiy,,, )] + const (1)

d=1 t=1 n=1t=1

M-Step: P

Objective: Eqg)q(2)[log(p(W, Z,0))] — nl(%{ such that:

e since ¢y, is a probability: ¢, = 0,Vi,w. This is already been satisfied because it is under the log
function as we see above.

e The probability distribution should sum up to 1 over vocal size V: Zzzl Gy = 1,V
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M-STEP

Lagrange multiplier

Ve WiAY

—
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M-STEP

L= ]EQ(G)Q(Z)[ZOQ(p(Wa Zv 0))] £ 3 Z )‘t(z thw - 1)

t=1 w
D Ny
— IEq(@)q(z:) Y T S‘ Zdn = t l09¢twdn T Z /\t Z ¢tw - 1 SUbStitUtiOH)
d=1n=1 t=1
D Ny
— S‘ 7 S‘(]E (0) [Zdn — t] log(btwd T+ Z)\t Z¢tw -
d=1n=1 t=1
D Ng
= S‘ Y Y’del()gfbtwd + Z A ( Z Ptw —
==l =l
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M-STEP

Taking derivative w.r.t ¢y, then set it to 0 to solve for ¢y,,, we get:

Zd,n vén [wdn — w}
sum over all possible words in our data W

Qﬁtw —

(4)
Zd,n ’}/(tin [wd’-"i- — ’bU]

Zw’ ,d,n ’Yfin [wdﬂ - wf]
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SUMMARY

o E-Step: keep ® fixed, we iteratively update  and Z until converges using KL(q(Z)q(0) || p(0,Z|W))

o M-step: keep 6 and Z fixed, we iteratively update ® by maximizing Ep,(.)[log(p(W, Z,0))]
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MAKING PREDICTION

Prediction

Objective: KL(q(0q+)q(Zg~)

‘ p(gd* 3 Zd*

W:a,®)) -  min
q(0ax)q(za*)

For the new document, we wanna predict:

e the new value for Z, i.e. assign a topic for each words

o the new value for 6, i.e. the global topic distribution of the document
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EXTENSION

This time we consider ® as a random variable which follows DIR(/3). Now the joing probability distribution
becomes:

D Ng T

p(@, Za W I Q, (I)) - H p(9d|o:) H Hp(zdn|9d)p(¢tw|/B)p(wdn|zdna thw)

High B: there are less words in a topic (sparse distribution of topics over words)
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THANK YOU!
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